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Parareal Algorithm

Parareal Algorithm

Let us consider the following initial value problem{
ẏ(t) = f (y(t)) t ∈ [0; T ]
y(0) = y0 (1)

We consider the subdivision of the time interval [0; T ] into L
subintervals:

T0 = 0 < T1 < . . . , · · · < TL = T .

Solving the original problem on the subintervals,{
ẏ` = f (y`(t))
y`(T`) = Y`

t ∈ [T`; T`+1], ` = 0, 1, . . . , L− 1,
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Parareal Algorithm

Paraeal Algorithm

with the matching condition which satisfies{
Y`+1 = F(Y`)
Y0 = y0 ` = 0, . . . , L− 1.

For Y =
(

Y T
0 ,Y T

1 , . . . ,Y T
L

)T
, the matching condition becomes

Ψ(Y ) :=


Y0 − y0

Y1 −F(Y0)
Y2 −F(Y1)

...
YL −F(YL−1)

 = 0.

F the solution operator propagates y from T` to T`+1.
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Parareal Algorithm

Parareal Algorithm

Newton method

Ψ′
(

Y k
) (

Y k+1 − Y k
)

= −Ψ(Y k).

Componentwise

Y k+1
0 =y0

Y k+1
`+1 =F

(
Y k
`

)
+ ∂Y`F

(
Y k
`

) (
Y k+1
` − Y k

`

)
, ` = 0, . . . , L− 1.

The parareal algorithm reads

Y k+1
0 =y0

Y k+1
`+1 =F

(
Y k
`

)
+ G

(
Y k+1
`

)
− G

(
Y k
`

)
, ` = 0, . . . , L− 1.

F is more accurate than G.
M. Gander and S. Vandewalle ”Analysis of the Parareal time-parallel time-integration method”, SIAM 2007
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Optimal control problem

Optimal control problem

Problem: control on a fixed, bounded interval [0,T ].
Cost functional

J(c) = 1
2‖y(T )− ytarget‖2 + α

2

∫ T

0
c2(t)dt,

α: a fixed regularization parameter;
ytarget : the target state;
y : state function is described by the equation{

ẏ(t) = f (y(t)) + c(t), t ∈ [0; T ]
y(0) = y0.

(2)
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Optimal control problem

Optimal control problem

Define the Lagrange operator

L(y , λ, c) = J(c)−
∫ T

0
〈λ(t), (ẏ(t)− f (y(t))− c(t))〉 dt.

The optima are characterized by the Euler-Lagrange equations
∇L = 0.

→ Elimination of c:ẏ = f (y)− λ

α
, t ∈ [0,T ]

λ̇ = −f ′(y)Tλ,
with

{
y(0) = y0

λ(T ) = y(T )− ytarget .
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Paraopt Algorithm

Paraopt Algorithm

Boundary value problems notations{
ẏ` = f (y`)− λ`

α

λ̇` = −f ′(y`)Tλ`.
with

{
y(T`) = Y`
λ(T`+1) = Λ`+1

on the subinterval [T`,T`+1].
We denote

y(T`+1) =P(Y`,Λ`+1)
λ(T`) =Q(Y`,Λ`+1).
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Paraopt Algorithm

Paraopt Algorithm

The optimality system is enriched:

Y0 − y0 = 0
Y1 − P(Y0,Λ1) = 0 Λ1 −Q(Y1,Λ2) = 0
Y2 − P(Y1,Λ2) = 0 Λ2 −Q(Y2,Λ3) = 0

...
...

YL − P(YL−1,ΛL) = 0 ΛL − YL + Ytarget = 0

(3)

That is : a system of boundary value subproblems, satisfying
matching conditions.
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Paraopt Algorithm

Paraopt Algorithm

We obtain the nonlinear equation

Φ
(

Y
Λ

)
:=



Y0 − yinit
Y1 − P(Y0,Λ1)
Y2 − P(Y1,Λ2)

...
YL − P(YL−1,ΛL)

Λ1 −Q(Y1,Λ2)
Λ2 −Q(Y2,Λ3)

...
ΛL − YL + ytarget


= 0, where

(
Y
Λ

)
=



Y0
...

YL
Λ1
...

ΛL


.
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Paraopt Algorithm

Paraopt Algorithm

Newton’s method:

Φ′
(

Y k

Λk

)(
Y k+1 − Y k

Λk+1 − Λk

)
= −Φ

(
Y k

Λk

)
,

where the Jacobian matrix of Φ is given by

Φ′
(

Y
Λ

)
=

I
−PY0 (Y0, Λ1) I −PΛ1 (Y0, Λ1)

. . .
. . .

. . .
−PYL−1 (YL−1, ΛL) I −PΛL (YL−1, ΛL)

−QY1 (Y1, Λ2) I −QΛ2 (Y1, Λ2)

. . .
. . .

. . .
−QYL−1 (YL−1, ΛL) I −QΛL (YL−1, ΛL)

−I I
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Paraopt Algorithm

Paraopt Algorithm

Coarse approximation of the Jacobian using ”Derivative Parareal” idea
Which concretely corresponds to:

PY`−1(Y k
`−1,Λk

` )(Y k+1
`−1 − Y k

`−1) ≈ PG
Y`−1

(Y k
`−1,Λk

` )(Y k+1
`−1 − Y k

`−1),
PΛ`(Y k

`−1,Λk
` )(Λk+1

` − Λk
` ) ≈ PG

Λ`(Y k
`−1,Λk

` )(Λk+1
` − Λk

` ),
QΛ`(Y k

`−1,Λk
` )(Λk+1

` − Λk
` ) ≈ QG

Λ`(Y k
`−1,Λk

` )(Λk+1
` − Λk

` )
QY`−1(Y k

`−1,Λk
` )(Y k+1

`−1 − Y k
`−1) ≈ QG

Y`−1
(Y k

`−1, λ
k
` )(Y k+1

`−1 − Y k
`−1).

PG
Y ,QG

Y ,PG
Λ and QG

Λ are coarse approximation of PY ,QY ,PΛ and
QΛ.

The computation of PG
Y ,QG

Y ,PG
Λ and QG

Λ imply linear problems.
M. Gander and E. Hairer ”Analysis for parareal algorithms applied to Hamiltonian differential equations”, JCAM 2014.
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Paraopt Algorithm

Paraopt Algorithm

Inexact Newton method

(
Φ′
)G
(

Y k

Λk

)(
Y k+1 − Y k

Λk+1 − Λk

)
= −Φ

(
Y k

Λk

)
.

PG
Y ,QG

Y ,PG
Λ and QG

Λ are performed in parallel over subintervals using
the coarse time discretization.
P and Q are performed in parallel over subintervals using the fine
time discretization.

J. Salomon et al ”Paraopt: A Parareal algorithm for optimality systems”, SIAM 2020.
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Paraopt Algorithm

Paraopt Algorithm
Dahlquist test equation

Let us consider the following Dahlquist test problem

ẏ(t) =σy(t) + c(t),
y(0) =y0,

where σ > 0.
Setting δt = ∆T/M, Euler explicit yields to

Pδt(Y`−1,Λ`) =− βδtY`−1 + 1
α
γδtΛ`

Qδt(Y`−1,Λ`) =− βδtΛ`

where βδt := (1 + σδt) ∆T
δt and γδt := β2

δt−1
σ(2+σδt) .
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Paraopt Algorithm

Paraopt Algorithm
Dahlquist test equation

Paraopt algorithm becomes

M∆t
(

X k+1 − X k
)

= −
(
MδtX k − b

)
,

X = (Y ,Λ)T , b = (yinit , 0, . . . , 0,−ytarget)T ,

Mδt :=



1 0

−βδt 1 γδt
α

. . .

. . .
. . .

. . . 0
−βδt 1 γδt

α
1 −βδt

. . .
. . .

. . .
1 −βδt

−1 1


.

∆t and δt are coarse and fine time steps respectively over each
subinterval [T`,T`+1].
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Paraopt Algorithm

Paraopt Algorithm
Dahlquist test equation

Setting τ = β∆t − γ∆t
β∆t−βδt
γ∆t−γδt

.
τ > 1.
We assume that τ satisfies

(τ − 1) ≥ β∆t − 1
2(L− 1)β∆t

. (4)

Let 1 < τ0 < τ .
Let L0 = (β∆t−τ)

γ∆t (τ−τ0) .
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Paraopt Algorithm

Paraopt Algorithm
Dahlquist test equation

Theorem (N.)
Let σ > 0, α,T , L,∆t, δt and be given such that (4) is satisfied. If
L > αL0 then the spectral radius of the iterate matrix satisfies

ρ < σ (∆t − δt)
[1

2 +
(1

2σ(∆t − δt) + 1
)

e2σ∆T
]
.

The spectral radius depends strongly on σ and (∆t − δt).
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