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@ Parareal Algorithm

® Optimal control problem

© Paraopt Algorithm
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Parareal Algorithm

Let us consider the following initial value problem

y(t) =f(y(t)) t€[0; T]
{ = f 1)
y(0) =y

@ We consider the subdivision of the time interval [0; T] into L
subintervals:
To=0<T1<...,---< T =T.

@ Solving the original problem on the subintervals,

{)'/12 = f(ye(t))

t €Ty Tega], £=0,1,...,L—1,
ye(Te) = Yo
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Paraeal Algorithm

with the matching condition which satisfies

Y1 = F(Y,
{ e of( ‘) (=0,...,L—1.
Yo=Yy
-
@ For Y = (YOT, YlT, e YLT) , the matching condition becomes
Yo —y°
Y1 — F(Yo)
w(y)=| Y2—-F(M) | =o.
Y. —F(Yi-1)

@ F the solution operator propagates y from Ty to Tyy1.
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Parareal Algorithm

o Newton method
W (YR) (YR - yE) = —u(vk),

o Componentwise
Y+l =0
ViR =F (YE) + 0w, F (YE) (Ve =) =0,

'\
|
—

@ The parareal algorithm reads

Yk+1 0
Ve —F(Yg)+g(yzk+1) ~G(Y¥). e=0..L-1

@ F is more accurate than G.

M. Gander and S. Vandewalle "Analysis of the Parareal time-parallel time-integration method”, SIAM 2007
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Optimal control problem

Optimal control problem

Problem: control on a fixed, bounded interval [0, T].
Cost functional

1

)
(%
) = SIAT) = Yewrgar P+ 5 [ 2(e)c,

@ «a: a fixed regularization parameter;
® Viarger: the target state;
@ y: state function is described by the equation
{Y(f) = fy(t)) +c(t),t €[0; T]
y(0) = y°.
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Optimal control problem

Optimal control problem

@ Define the Lagrange operator

;
L(y, A ¢) = J(c) —/0 (A1), (y(8) = Fy(t)) — (1)) dt.

@ The optima are characterized by the Euler-Lagrange equations
VL =0.
— Elimination of c:

y=f0) -2 e T {y(O) %
A= —f’(y)T)\, )\(T) :y(T) — Ytarget-
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Paraopt Algorithm

@ Boundary value problems notations

{)'/z = f(y) — 2 with {Y(Te) =Y,
e =—f"(y)) A MTeg1) =N

on the subinterval [Ty, Ty41].

@ We denote

Y(Teg1) =P(Ye, Neva)
AMTy) =9(Ye, Neg1)-
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Paraopt Algorithm

@ The optimality system is enriched:

YO _yO =0
Yi—P(Yo,A1) = 0 A —Q(Yi,A)) = 0
Yo—P(Yi,N2) = 0 N —Q(Yz,A3) = 0 (3)

Y[_ — ’P(YLfl,/\L) =0 /\L - YL + Ytarget =0

That is : a system of boundary value subproblems, satisfying
matching conditions.
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Paraopt Algorithm

@ We obtain the nonlinear equation

Yo — Yinit
Y1 — P(Yo,M\1) v,
Yy — P(Y1,A2) 0
® (X) = | YL =P(Y—1,AL) | =0, where (X) = XL
A — Q(Y1,/A2) !
N2 — O(Y2,A3) :
: AL

AL - YL + Ytarget
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Paraopt Algorithm

@ Newton's method:
) () e(2)
where the Jacobian matrix of ® is given by
o (x) _
nyo(lYo,Al) / Py (Yo, A1)

=Py, _ Y1, A) | =Pp, (Ye—1,A1)
—Qy, (Y1, M2) 1 =9, (Y1, A2)

—Qv,_; (Y-1,A) I'=Qn, (Ye—1, M)
— | !
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Paraopt Algorithm

@ Coarse approximation of the Jacobian using "Derivative Parareal” idea

Which concretely corresponds to:

PYE—l(YKI:DA?)(YZk——El - Yelil
Pao(YE 1 AN — Af
O, (YE 1, AN = Af
QYZ—I(YE717A§)( ekj11 - Yzlil

7’% (YELAD (Y =Y,
7’/\Z(Ye L AN = AF),
Q/\[(Yz 1,/\5)(/\”1 lf\z)
QF, (Y1 )YV = Vi),

QX

Q

o P, Q% PS and QF are coarse approximation of Py, Qy, Py and
On.
@ The computation of P\C};, Q\Ci,P,f" and Q,f imply linear problems.

M. Gander and E. Hairer "Analysis for parareal algorithms applied to Hamiltonian differential equations”, JCAM 2014.
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Paraopt Algorithm

@ Inexact Newton method

Yk Yk+1 o Yk Yk

G
((D,) Ak Ak+1 _ Ak =-0 Ak

o P&, Q8. PL and QF are performed in parallel over subintervals using
the coarse time discretization.

@ P and Q are performed in parallel over subintervals using the fine
time discretization.

J. Salomon et al "Paraopt: A Parareal algorithm for optimality systems”, SIAM 2020.
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Paraopt Algorithm

Dahlquist test equation

@ Let us consider the following Dahlquist test problem
y(t) =oy(t) + (1),
y(0) =y°,
where o > 0.
@ Setting 0t = AT /M, Euler explicit yields to
1
Pst(Ye-1,N\e) = — Bst Yo—1 + a%it/\f
Qs5e(Ye—1,N\e) = — Bsc/e

AT 2 -1
Where /B(St = (1 + 05t) ot and Yot = %
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Paraopt Algorithm

Paraopt Algorithm

Dahlquist test equation

@ Paraopt algorithm becomes

Mae (XK1= X9) = = (MgeX* = b)),

T T
X = (Y7A) ’ b= (.yinft)07"'707 _}/target) )
1 0
—Bse 1 Aot
. . 0
Mot —Bse 1 Joe
1 —Bse
1 —Bst
—1 1

@ At and dt are coarse and fine time steps respectively over each
subinterval [Ty, Tyi1].
Norbert Tognon (INRIA Paris)
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Paraopt Algorithm

Dahlquist test equation

: _ _ Bae—Bst
Setting 7 = Ba: QN Trve—t

7> 1.

@ We assume that 7 satisfies

Let 1 <79 <.
Let Lo = (Bat—T1)

Yae(T—70)"
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Paraopt Algorithm

Dahlquist test equation

Let o > 0,c, T, L,At, 6t and be given such that (4) is satisfied. If
L > «alg then the spectral radius of the iterate matrix satisfies

p < o (At — §t) E & (%U(At —0t) + 1) e2”AT] :

@ The spectral radius depends strongly on ¢ and (At — dt).
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Paraopt Algorithm
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End

End

Thank You
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